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I. INTRODUCTION

Fractional calculus is a branch of mathematical analysis which deals with the research and applications of integrals and
derivatives of arbitrary order. In recent decades, the field of fractional calculus has attracted the interest of researchers in
diverse scientific fields such as mechanics, physics, electrical engineering, viscoelasticity, economics, bioengineering, and
control theory [1-11]. However, fractional calculus is different from traditional calculus. The definition of fractional
derivative is not uniqgue. Common definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional
derivative, Grunwald-Letnikov (G-L) fractional derivative, and Jumarie’s modified R-L fractional derivative [12-16].
Because Jumarie type of R-L fractional derivative helps to avoid non-zero fractional derivative of constant function, it is
easier to use this definition to connect fractional calculus with traditional calculus.

In this paper, based on a new multiplication of fractional analytic functions, we find the fractional Fourier series
expansions of the following two types of matrix a-fractional functions:

{(pr — pr®)cos, (Ax%) — qr?cos, (2Ax%) + q}®, [1 — 2r%cos, (2Ax*%) + r*]®a V) |

{(pr + pr®)sin, (Ax®) + qrisin, (2Ax*)}®, [1 — 2r%cos, (2Ax%) + r*]®a 1)

where 0 < a < 1,p, q, r are real numbers, |r|<1, and A is a real matrix. In fact, our results are generalizations of classical
calculus results.

I1. PRELIMINARIES
At first, we introduce the definition of fractional analytic function.

Definition 2.1 ([17]): If x, x,, and a; are real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

an

can be expressed as an «a -fractional power series, i.e., f,(x%) :Z;’{’:Om(x—xo)”“ on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a, b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

Next, a new multiplication of fractional analytic functions is introduced.
Definition 2.2 ([18]): Let 0 < ¢ <1, and x, be a real number. If f,(x%) and g,(x*) are two a-fractional analytic

functions defined on an interval containing x, ,
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fa(x9) = Z?’f:oﬁ(x — Xo)", 1)
9a(x®) = Tiico ot (¢ = xo)™® 2)
Then we define
fa(x)®¢ g (x¥)
= Y=o F(na+1) ———(x — %)™ ®y L= om( —xo)"
= 20 ey (Zveo (i) @nembin) (= 200" ©
Equivalently,
fa(xM)®q ga(x®)
= S0 (F(a+1) (= x0)" ) ®a Ln=o (ﬁ G = x")a)®an
= L= ( m=0 (:rll) an—mbm) (F(a1+1) (x - x")a)®an ' “)

Definition 2.3 ([19]): If 0 < @ < 1, and f,(x%), g,(x%*) are two a-fractional analytic functions defined on an interval
containing x, ,

fa(x*) = Xm0

(= x)" = T2 (2 (e —x)7) ©)

I'(na+1) I'(a+1)

bn

®an
9a(r) = Do ppmess (2 = %)™ = T (x = x)°) ©)

(F(a+1)
The compositions of f, (x%) and g, (x®) are defined by

®an

(fr © 0 @) = fu(9a(x) = 55022 (g () )

and
(Ga ° f) D) = ga(fa(xD) = B0 2 (fu ) ® " ®)
Rqn

Definition 2.4 ([20]): Let0 < @ < 1, and £, (x%), g,(x®) be two a-fractional analytic functions. Then (f, (x*)) =

fu(Xx)®y ++* p for(x%) is called the nth power of f,(x*). On the other hand, if f,(x*)®, g.(x*) = 1, then g, (x%) is

called the ®,, reciprocal of £, (x%), and is denoted by (fa(x“))®“_1.

Definition 2.5: If the complex number z = p + iq, where p, q are real numbers, and i = v—1. p, the real part of z, is
denoted by Re(z); q the imaginary part of z, is denoted by Im(z).

Theorem 2.6 (matrix fractional Euler’s formula)([21]): If 0 < @ < 1, and A is a real matrix, then
E, (iAx%) = cos,(Ax%) + isin, (Ax%). 9
Theorem 2.7 (matrix fractional DeMoivre’s formula)([22]): If 0 < a < 1, p is an integer, and A is a real matrix, then
[cos, (Ax%) + isin, (Ax*)]®«P = cos,(pAx®) + isin, (pAx®). (10)
I11. MAIN RESULTS

In this section, we find the fractional Fourier series expansions of two types of matrix fractional functions. At first, two
lemmas are needed.

Lemma3.1: If 0 < @ < 1, p,q,r are real numbers, and 4 is a real matrix, then
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Re{[PrEa(iAxa) +q]®, [1 — [TEa(iAx“)]®a2]®“ (—1)}
= {(pT’ - pr3)COSa(Ax0‘) - quCOSa(ZAxa) + q}@a [1 — ZTZCOSa(ZAXa) + T4]®“ -1 (11)
Im {[pT‘Ea(iAx“) + q]®a [1 — [T'Ea(iAx“)]@aZ]@“ (—1)}

= {(pr + pr?)sing (Ax*) + qr?sin, (2Ax)}®, [1 — 2r?cos, (2Ax%) + r*]®a (-1, (12)
Proof By matrix fractional Euler’s formula and matrix fractional DeMoivre’s formula,

[PrEa(iAx*) + q)®q |1 - [rEa(iAx“)]W]@a -

= [prlcos, (Ax®) + ising(Ax®)] + q1Q®, [1 — r?[cos, (24x%) + isina(ZAx“)]]&" D

= [[prcos, (Ax®) + q] + iprsing(Ax®)]|®, [[1 — r*cos, (24x%)] — irzsina(ZAx“)]®“(_1)

= [[prcosa(Ax“) +q] + iprsina(Ax“)]@)a [[1 —1r2c0s,(2Ax%)] + irzsina(ZAx“)]

®q (1)
Q. [[1 —12c0s,(2Ax%)]®a? + [rzsina(ZAx“)]‘g’“z]

= [[prcos, (Ax®) + q] + iprsing (Ax®)|®, [[1 — 72cos, (24x%)] + ir?sin, (24x%)]
®q [1 — 2r?2cos,(2Ax%) + r*]®a D), (13)
Therefore,
®q (-1)
Re {[prE“(iAx“) +q]1®, [1 - [T’Ea(iAx“)]&"z] ‘ }
= {[prcos,(Ax®) + q]®, [1 — r?cos, (2Ax%)]
— prising (Ax*)®, sing(2Ax)}®, [1 — 2r?cos,(24x%) + r*]®« (D
= {prcos, (Ax®) + q — qricos,(2Ax%) — pr3cos, (Ax*)}®, [1 — 2r%cos, (2Ax*) + r*]®a (-1
= {(pr — pr®)cos, (Ax%) — qricos, (2Ax%) + q}Q®, [1 — 2r%cos,(2Ax%) + r*]®a (-1,
And
®q (-1)
Im{[prE“(iAx“) +q1®, |1 [rEq (i4x®))®?] }
= {[prcos,(Ax*) + q]®, r*sin, (24x*)
+ prsing(Ax¥)®, [1 — r?cos, 2QAx)}®, [1 — 21r%cos, (2Ax%) + r*]®a 1
= {prsing(Ax%) + qr?sin, (24x%) + prisin, (Ax*)}®, [1 — 2r%cos, (24x%) + r*]®a« (-1
= {(pr + pr?)sing (Ax*) + qr?sin, (2Ax)}®, [1 — 2r?cos, (2Ax%) + r*]®a (=1, e.d.
p p a q a a a q
Lemma3.2: If 0 < a <1, p,q,r are real numbers, |r| <1, and A is a real matrix, then

[PrEq(iAx®) +q1®, [1 - [TEa(iAx“)]®“2]®a -

=p Y oTME,(i(2k + DAxY) + q - Yoo 2K E, (i2kAx%) . (14)
®q (1)

Proof [prE,(iAx%®) + q]l®, [1 - [rE, (iAx“)]®“2]
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(oo}

= [prE, (iAx%) + q)®, Z ([rEa(iAx"‘)]@“Z)@ak

k=0
= [prE,(iAx%) + ql®4 Yoo T*E, (i2kAx®) (by matrix fractional DeMoivre’s formula)
=p Y oTHNE, (i(2k + DAXY) + q - X7 o 7?KE, (i2kAx%) . g.e.d.
Theorem 3.3: If 0 < @ <1, p,q,r are real numbers, |r|<1, and A is a real matrix, then
{(pr — pr®)cos, (Ax%) — qr?cos,(2Ax*) + q}Q®, [1 — 21%c05,(24x%) + r*]®a (=D
=p- Yo cos, ((2k + DAx®) + q - Yoo cos, (2kAxY) . (15)
And
{(pr + pr®)sing (Ax%) + qrising (2Ax*)}®, [1 — 2r%cos, (2Ax%) + r*]®a 1
=p - Yr o sing ((2k + DAx®) + q - Yo% sin, (2kAx®) . (16)
Proof By Lemma 3.1 and Lemma 3.2,

{(pr — pr®)cos,(Ax*) — qr?cos,(24x%) + q}®, [1 — 2r%cos,(2Ax%) + r*]®a 1
®q (-1)
= Re {[prEa(iAx“) +q1®q 1 - [rEq (iAx®)]®<?| }

=Re{p - Xp o T E,(i(2k + DAXY) + q - X7 o 7?FE, (i2kAx%)}
=p-Yr o cos, ((2k + 1)Ax%) + q - Xy T**cos,(2kAx®) . (by matrix fractional Euler’s formula)

Similarly,

{(pr + pr?)sin, (Ax®) + qrisin, (2Ax*)}Q®, [1 — 2r%cos, (2Ax%) + r*]®a (-1
®q (1)
= Im{[prE“(iAx“) +q1®, [1 - [rEa(iAx“)]®a2] }

=Im{p - Xpeo 7 E,(Ii(2k + 1)AXY) + q - Yoo T*¥E, (i2kAx*)}
=p Yo sing ((2k + DAxY) + q - Yook sing, (2kAx®) . g.e.d.
IV. CONCLUSION

In this paper, based on a new multiplication of fractional analytic functions, we obtain the fractional Fourier series
expansions of two types of matrix fractional functions. In fact, our results are generalizations of ordinary calculus results.
In the future, we will continue to use the new multiplication of fractional analytic functions to study the problems in
fractional differential equations and engineering mathematics.
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